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Abstract 


The canonical Aharonov-Bohm effect is usually studied with time-independent potentials. In 
this work, we investigate the Aharonov-Bohm phase acquired by a charged particle moving in 
time-dependent potentials . In particular, we focus on the case of a charged particle moving in the 
time varying field of a plane electromagnetic wave. We work out the Aharonov-Bohm phase using 
both the potential {i.e. f Af^dx^) and field {i.e. ^ f F^yda^'^) forms of the Aharanov-Bohm phase. 
We give conditions in terms of the parameters of the system (frequency of the electromagnetic 
wave, the size of the space-time loop, amplitude of the electromagnetic wave) under which the 
time varying Aharonov-Bohm effect could be observed. 


*Electronic address: neoinaxprime@inail.fresnostate.edu 
^Electronic address: dougs@csufresno.edu 
^Electronic address: ay9a@virginia.edu 


1 



I. INTRODUCTION 


In this work, we investigate the Aharonov-Bohm phase difference picked np by charged 
particles that go around a closed space-time loop in the presence of the time-dependent 
potentials and fields of an electromagnetic plane wave. 

Theoretical investigations of the Aharonov-Bohm effect l|, l2j generally involve time- 
independent potentials. The canonical example of the Aharonov-Bohm effect is that of 
charged particles in a two-slit experiment with an infinite solenoid, carrying a constant 
magnetic flux, placed between the slits. Each charged particle picks up an additional phase 
due to the non-zero vector potential outside the solenoid, even though the electric and 
magnetic fields outside the solenoid are zero. The experimental tests of the Aharonov-Bohm 
effect have also generally been done with time-independent fields 3|, l4|. 

In contrast to the time-independent Aharonov-Bohm effect, there have been only a few 
theoretical studies of the time-dependent Aharonov-Bohm effect. Some of the works 
have focused on a solenoid with a time-dependent magnetic flux, while others [ill, Q have 
used an electromagnetic plane wave to obtain time-dependent potentials and fields. 

On the experimental side, there are only two cases that we have found where the time- 
dependent Aharonov-Bohm effect was tested experimentally. The first test was an accidental 


experiment by Marton et al. 


13| where an electron two-slit interference experiment was set 


up and the interference pattern was observed. However, it was later determined that the 
region through which the electrons traveled was contaminated with a 60 Hz magnetic field 
of unknown strength. The question in regard to the results of the accidental experiment 
in [^ are: “Why was the interference pattern seen at all? Why did it not shift back a 
forth at 60 Hz?” At first, it was thought that the result of Marton et al. was evidence 
against the Aharonov-Bohm effect. However, two explanations have been put forward as 


to why the experiment in 


13| saw a static interference pattern. In 1^, the idea was 


advanced that the time varying Aharonov-Bohm phase was compensated for by a phase shift 
coming from the direct v x B force which acted on the electrons. In 1^, the explanation 
given for the observation of the static interference pattern in |l^ was due to a cancellation 
between the time varying Aharonov-Bohm phase and a phase coming from the induced 
electric field that accompanied the time varying magnetic field. The second test of the time- 
dependent Aharonov-Bohm was the experiment in |^, 171. This experiment used fields 
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from an electromagnetic wave with a freqnency in the microwave region and was along the 
lines of the set-np snggested in [n| for testing the time varying Aharonov-Bohm effect. This 
experiment was also along the lines of [l2| , which stndied decoherence effects due to the time 
varying Aharonov-Bohm phase coming from an electromagnetic wave. The results of the 
experiment described in jl6l . llTj were that evidence for an Aharonov-Bohm phase from the 
time varying helds and potentials was not observed - thus these results were similar to the 
accidental experiment of Marton et al., where the effect of the time variation was not seen 
in the interference pattern. The explanation of the non-observation of the time variation in 


the experiment 


16[ | was that the parameters of the set-up were such that the time variation 


effect was too small to be seen 


ITj . We come to a similar conclusion from our analysis - in 


order to observe the time variation one must carefully chose the various parameters of the 
set-up: the frequency and amplitude of the electromagnetic wave, the size of the loop, the 
velocity of the particle, etc. In the conclusion, we give conditions under which one might 
see evidence of the time varying Aharonov-Bohm effect. 

There are two points to make before we move on to our detailed analysis. First, the time- 
dependent Aharonov-Bohm effect is invariably a type II Aharonov-Bohm effect. The type I 
Aharonov-Bohm effect is when the charged particle develops a phase while moving through a 
region that is free of electric and magnetic fields, as in the original time-independent, inhnite 
solenoid set-up. The type II Aharonov-Bohm effect is when the charged particle develops 
an Aharonov-Bohm phase, but while moving through a region of space where the helds are 
not zero. A typical example of a type II effect is the Aharonov-Casher effect 18|, where a 
neutral particle with a magnetic moment moves through an electric held and, in doing so, 
picks up a Aharonov-Bohm-like phase. Second, the set-up we study here is a combination 
and generalization of the time-dependent Aharonov-Bohm ehect studied in [h] and 121. In 
particular for our set-up, both the electric and magnetic Aharonov-Bohm ehects are non¬ 


zero. In reference 


Q. 


the set-up was taken so that only the time varying magnetic held gave 
an Aharonov-Bohm phase, while in reference [l^, the set-up was such that only the time 
varying electric held gave a non-zero contribution to the Aharonov-Bohm phase. Further, 
these two prior works calculated the Aharonov-Bohm phase in diherent ways: reference [n| 
used the line integral of the potentials to obtain the phase while reference used the 
area integral of the helds. Here, we calculate the phase using both the line integral of the 
potentials and the area integral of the helds. This provides an explicit working out of Stokes’ 
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theorem in 4D. In the literature, we have found no examples of this, although there are of 
course plenty of explicit worked out examples of Stokes’ theorem in 3D. 

II. GENERAL SET-UP OF POTENTIALS, FIELDS AND PATH 

In this section, we give the set-up for the potentials, helds and path that we will use. 
We consider a linearly polarized plane wave traveling along the ; 2 -axis in either the -|- or — 
direction. The covariant, four-vector potential for this is 

Af, = {0,Aof{ujt±kz),0,0) , ( 1 ) 

where Aq is the amplitude and u, k are the frequency and wave number for the wave. The 
(+) sign is a wave traveling in the — 2 ; direction and the (—) is a wave traveling in the +z 
direction. The electric and magnetic helds can be obtained from ([1]) using = d^A^ — di^A^ 
with the result 

Foi = E^ = Ao^f\ujt ± kz) ; F 13 = By = TAokf'{ut ± kz) , (2) 

where prime means a derivative with respect to the argument of /, namely (± = ut ± kz. 
The electromagnetic wave in (|2]) is polarized in the x direction. We could consider a more 
complicated wave traveling in the 2 ;-direction, with the electric and magnetic helds having 
components in both x and y directions. The vector potential for such wave would have 
the form Ay = ( 0 , A^fioji ±kz + ipi), ±kz + <^92), 0 ), where Aq, Bq are amplitudes 

and are phases. For our purposes, the four-potential in ([1]) is sufficient since for the 

closed loop path that we pick, with no motion of the particles in the y direction, only the x 
component of the four-vector potential will contribute. If we had picked our loop to be in 
the yz plane, then it would be a vector potential of the form Ay = (0, 0, ± /cz),0) 

which would give a non-zero contribution. 

The closed space-time path that we chose in evaluating the loop integral f Aydx^ is shown 
fully in hgure [H The projections in the tx and zx planes are shown, respectively, in hgure 
|2]and figure [3l In the experiment, the charged particles would travel both paths 1 and 2, 
and 3 and 4, in the forward time-direction, i.e. the charged particles would leave the origin 
and travel forward along 1 and 2 and also forward along 3 and 4, with each picking up some 
different Aharonov-Bohm phase along these paths. To take the phase difference between 
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FIG. 1: The full space-time loop in txz. 



FIG. 2: The projection of the space-time loop in tx plane. This also represents the “upright 
diamond” which we will discuss in the next section. 

path 1 and 2 versus path 3 and 4, one puts a negative sign in front of the integral along path 
3 and 4 (or as well one could put the negative sign in front of the integrals along path 1 and 
2, thus reversing the direction of the space time loop in £gure[T]). In this way, one ends with 
a closed space-time loop integral. This is what is done in the usual static Aharonov-Bohm 
analysis, but with purely spatial loop integrals. 

The paths start from the origin, a: = z = f = 0, and then travel with velocity v = 
(±na,,0,n^), for a time At, to the two spatial points (±Aa;, 0, A^;). This gives paths 1 and 
4. From these two points, one traces back to the point (0, 0, 2Az) in a time At (this means 
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FIG. 3: The projection of the space-time loop in xz plane. 


a total time of 2At); this gives paths 2 and 3. Note, the total time from the origin to 
(0, 0, 2Az) is 2At, so At = ^ = Now, for the explicit evalnation of f in the next 

section, we need to give the eqnations describing each path: 

Path 1 (0 < t < At) : t = — = — , (3) 

Vx Vz 

Path 2 (At < t < 2At) : t = —— + 2At = — , (4) 

Vx Vz 

Path 3 (At <t< 2At) : t = — + 2At = — , (5) 


Vx Vz 

Path 4 (0 < t < At) : t = -= — . ( 6 ) 

Vx Vz 

The magnitnde of the velocity along any path is n = ^Jvf.-\- vf < c. For the projections 
of the fnll space-time path from hgnre [T] into the tx plane in fignre | 2 l the slopes of the paths 
are greater than 1 since Vx,Vz < c. 

For the Aharonov-Bohm effect with a plane wave backgronnd, both the electric and 
magnetic Aharonov-Bohm effects can be non-trivial at the same time. For the usnal static 
magnetic Aharonov-Bohm effect, the line integral of the the 3-vector potential. A, is related 
to the snrface area of the magnetic held via Stokes’ theorem in 3D, f A-dx = f B-da. 
In order for this magnetic Aharonov-Bohm phase to be non-zero, the magnetic held, B, 
mnst have a component along the area normal direction, da. For onr space-time area, the 
spatial projection is in the xz plane, which therefore has a spatial area direction in the 
^/-direction. This then gives a non-zero contribntion for the magnetic held of the plane wave 
since B oc y- For the nsnal static electric Aharonov-Bohm ehect, it is the time integral of 
the scalar potential, 0, which is important (i.e. f cfdt). Using E = —Vf), one hnds that the 
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electric Aharonov-Bohm phase can be written as J (pdt = — f E-dxdt. Note that the spatial 
area of the magnetic case, da, is replaced by a space-time area dxdt. In order to get an 
electric contribntion to the Aharonov-Bohm phase, the electric held must have a component 
along the direction of the path. 

For the wave traveling in the ^-direction, and for the area of the loop which has a projec¬ 
tion in the xz plane, both the magnetic held in the ?/-direction and the electric held in the 
x-direction will give non-zero contributions to the time varying Aharonov-Bohm phase. In 
the case studied in 12|], the wave was taken to be traveling in the ?/-direction, the electric 


held was polarized in the 2;-direction, and the magnetic held was in the x-direction. The 
loop chosen in 12| was also in the xz plane, so, in that situation, there was only a non-zero 
electric Aharonov-Bohm phase; the magnetic Aharonov-Bohm phase was zero. In our set-up 
both the magnetic and electric Ahronov-Bohm phases play a role. 


III. AHARONOV-BOHM PHASE VIA THE POTENTIALS 

Using the above set-up, we now calculate f A^dx^, which gives the Aharonov-Bohm phase 
when multiplied by We will calculate the phase picked up along the four path lengths 
given in hgure [T] and then add them. The electromagnetic wave has a frequency and wave 
number given by oj and k, which satisfy f = c. The velocity on any given leg of the path in 
hgure [His v = (±na;,0,n^). 

In carrying out the calculation for the loop integral for the case in hgure [H we will hrst 
calculate f A^^dx^ in the frame where = 0; this is the “upright diamond” loop of hgure 
121 Then, to obtain the more general case, we will boost the result of the upright diamond 
so that the particle develops a velocity, v^, in the +z direction. 

The “upright diamond” : For the upright diamond in hgure [21 we have z = 0 and 
V = (ixo; 0, 0), and we take the wave number and frequency as /cq and Uq, respectively. The 


7 




four paths are parametrized as: 


Path 1 (0 < t < At) : t = — , 

Vo 

Path 2 (At < t < 2At) : t = —— + 2At , 

Path 3 (At < t < 2At) : t =-h 2At , 

Path 4 (0 < t < At) : t = — — . 


( 7 ) 

( 8 ) 
( 9 ) 

( 10 ) 


Along each path, since z = 0, f{oJot ± koz) simplihes to f^coot). For path 1, from ([7]), we 
hnd 


A^dx'" = Ao 




(11) 


where (do = uo/c, cko = cjq, and -F(C) = / /(C)'^C is the integral function of /. A^o is the 
phase shift up to the half-way point, 


ACo = -^Aa: = WoAt . 
Po 


( 12 ) 


In the hnal expression in fllip we have written the result in terms of (/(C))i = 
fiC)dC: which is the average of /(C) in the interval I = {C : 0 < C < ACo}- 
For path 2, we have, from ([8]), 


A^dx'" = Ao 


[ f (+ 2uoAt ) dx 
'Ax V Po 


^oPo 

ko 

AqPo 

ko 


k 

--^Ax + 2uoAt 
Po 


F {2uJoAt) — F 
[F (2ACo) - F (ACo)] = -AoAx (/(C))ii 


(13) 


where (/(C))ii is the average of /(C) over the interval II = {C : ACo < C < 2ACo}- 
In a similar manner, for path 3 and path 4, one hnds 

f A^dx^ = f Afj^dx^ ; f A^j^dx^ = f A^dx^ . 

Js J 2 Ja Ji 

Altogether, the upright diamond loop integral is 


(14) 


A^dx^ 


A^dx^ + / A^dx^ + / A^dx^ + / A^dx^ 


= 2 


= 2 


AqPo 

ko 

ko 


i[F (ACo) - F{0)] - [F (2ACo) - F (ACo)]) 
(2F(ACo)-F(0)-F(2ACo)) , 


( 15 ) 
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or in terms of the avergaes of /(C), 


/ A^dx^ = 2yl„Ai ((/(C)), - (/(C)),i ). (16) 

The loop integral is zero if the average of the vector potential in the hrst half (I) and the 
second half (II) are the same. 


Boost along z-direction: In order to evaluate the loop integral for Vz 7 ^ 0, we now boost 
the frame along the ^-direction by /5. This gives the particle a velocity in the 2 ; direction, 
and changes the upright diamond of hgure |2] to the tilted diamond of hgure [H In equation 
03 . the only parameters that change are the wave number ko and the x-component of 
velocity, /do- also transforms due to ko and (3o changing. Te parameters Ax and Aq do 
not change since they are perpendicular to the boost direction. After the boost, 

/do ^ /d. = \/r^/do = /do/7 ; ko ^ k= ko . (17) 

In equation (lT5il . only the combination ^ shows up. Using fITTD we hnd 


^0 , /It/? , 1 _ ^ 


(18) 


Setting /d = —/3z = —Vz/c, we get the hnal result 

T±/d, 


A^dx^ = 

^ k 1±/?. 


2F 


I3x 


-kAx 


F(0) - F ( 2^^^^kAx 


/3x 


2Ao 

k' 

k' 


[2F (k'Ax) - F{0) - F {2k'Ax)] 
[2F{AC) - F{0) - F{2AC)] , 


(19) 


where k' is dehned as 


k' 


l±/d. 


k , 


and AC is the phase shift to the half-way point 


( 20 ) 


AC = k'Ax = a;(l ± /dz)At = uAt ± kAz . ( 21 ) 

The last line of equation flT^ is the main result of this section and we want to make some 
comments/remarks about its physical meaning. First, we can look at an expansion of the 
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function F{ri) = F{0) + riF'{0) + ^ri‘^F”{0) + where rj = AC, = k'Ax or rj = 2AC = 2k'Ax, 
depending on which term in flT^ one is expanding. Using this, one finds that ffl^ becomes 

A^dx^ = -2Aok'Ax^F"{0) + 0{{ACY) . (22) 


Thns, to hrst order in A^, the time varying Aharonov-Bohm phase vanishes. This resnlt 
can be compared to the resnlt in {q] 10 |, where the anthors fonnd that for a solenoid with 
a time varying flnx, the time-dependent part of the Aharonov-Bohm phase vanishes to hrst 
order as well. 

Next, if we take the particle speed to be mnch less than the speed of light, v = \/vl + <C 
c, then, from (12U]) . k' ~ k/jd^- Hence the condition k'Ax -C 1 is identical to Ax/fd^ <C A, 
or eqnivalently At T = where A and T are the wavelength and the period of the 
electromagnetic wave. Since the approximate vanishing of f A^dx'^ reqnires k'Ax <C 1, the 
condition above imposed on the wavelength or the period of the electromagnetic wave is a 
condition for the approximate vanishing of the loop integral. At the end of the next section, 
we will comment more on the nse of the result in fl2^ to determine when the time-dependent 
Aharonov-Bohm effect is important/observable. 

One hnal qnestion we want to address: “Under what conditions does f A^dx'^ vanish 
exactly”. According to (IT^ and fl22|) . if k' —)■ 0, the loop integral vanishes, which in tnrn 
means /d^ —)■ =Fl according to fl20|) . Thns, if the particle traverses the loop at close to c and 
moves in the same direction as the electromagnetic wave (in this case the z -direction) the 
time-dependent Aharonov-Bohm phase will vanish. This was the same conclusion reached 
for the time dependent, non-Abelian Aharonov-Bohm effect [l^ nsing the time-dependent, 
non-Abelian plane waves of Coleman j^. However, in the present case, dne to the constraint 
fdz < 1 , t 1 means (dx ^ 0, the x-component of the velocity is vanishingly small, 
and that the diamond shaped loop becomes elongated in the z direction since the ratio of 
the lengths goes as Ax/Az —)■ 0. 

There is another way that the loop integral vanishes exactly. Rewriting fll9p in terms of 
the original fnnction f{ut ± kz), we have 


A^dx^ = 2AoAx((/(C))i-(/(C))ii) , 


where the notation is similar to eqnation flT6|l and with the intervals defined as 


(23) 


I = {C : 0 < C < AC }; II = {C : AC < C < 2AC } , 


(24) 
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where A( = uAt ± kAz, the phase change to the half-way point. This means that if the 
average of the vector potential experienced by the particle in the hrst half, 0 < t < At, 
is the same as the average of that experienced in the latter half, At < t < 2At, then the 
loop integral vanishes. This happens, for example, if f{() is constant, i.e. the integrand 
fnnction F{() is linear with respect to ( (this is another way of giving the resnlt from fl22p 
that f A^dx^ vanishes np to first order in F{Q), or if the particles travels at the speed of 
light (“riding the waves”) along z in the same direction as the waves (as C, itself remains 
constant along the path for (3^ Tl)- The average vector potential of the hrst and second 
halves cancels each other ont also if the periodicity of the waves is snch that the particle on 
the path enconnters integer nnmber of the wavelengths in At. 


IV. AHARONOV-BOHM PHASE VIA THE FIELDS 


In this section, we work ont the Aharonov-Bohm phase nsing the electric and magnetic 
helds and taking the “area” integrals. This is a 4D example of the nsnal 3D Stokes’ theorem, 
where one hnds f A-dx = f B-da. In the 4D case, we want f A^dx^ ~ I / P'lJ.udx^ A dx''', 
where we have written the 4D area da^^ —)■ dx^ A dx'', nsing the antisymmetric wedge prod- 
net. Concise details of this notation can be fonnd in j^, 221. Taking only the components 
of electric and magnetic helds given in (|2]), we have 


1 

2 


F = - I F^ydx^ A dx'' = — 



Ft, dx A cdt — 



Bydz A dx . 


(25) 


In the right hand side, we have written the tensor components in three vector notation with 
Ex = Fqi and By = Fi^. The hrst term is a space-time area integral of the electric held. 
Ex, and the second term is a pnrely spatial area integral of the magnetic held. By. As in 
section III we will do the “npright diamond” area and show that this is eqnivalent to the 
loop integral of the “npright diamond” from flT5|) . Then by boosting in the z direction, one 
can obtain the area intergal for the general snrface from hgure [H For the npright diamond 
loop one has a snrface only in the xt-plane (see hgnre |2]), and therefore only an electric 
contribntion: 


/ 

J upright 


Ex dx A cdt . 


(26) 


We will split the npright diamond into left triangle and right triangles, evalnate these 
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separately and then snm them np: 


F = 


Et dx A cdt . 


(27) 


J upright V^left v/rights 

For the npright diamond, z = 0 and k,uj ^ ko,u)o, so from ([2]) we have = Fqi = 
Ao^f'{ojt± kz) Ao^f^ojot). With this the left half of the snrface integral is: 

^0 p2At-\-x/vo 



Ex dx A cdt = 


left 


' —Ax J —x/vq 
rO 


An 


' —Ax 


AoOJof'{u)ot)dx A dt 

OJox\ f UJqX 


f I 2uoAt + 


^^0 


/ 


^^0 


dx (28) 


kn 


(2F(ACo)-F(0)-F(2ACo)) , 


where A^q = (^oAt = {k^/(5 q)Ax. 

Likewise, for the right half of the npright diamond, we have 

pAx p2At—x/vQ 

Ex dx cdt = — I 

^ right 



AQUjQf'{ujQt)dx A dt 


'0 JxjvQ 
pAx 


An 


Jo 

AqI^o 


f 2uoAt 


OJqX 

Vo 


f 


UoX 


Vo 


dx 


h 


0 


(2F(ACo)-F(0)-F(2ACo)) . 


(29) 


Adding fl28|) and fl29|) gives the hnal resnlt for the npright diamond of 


[ F = 2^ [2F(ACo) - F{0) - F(2ACo)] • (30) 

J upright ^0 

This is the identical resnlt for the npright diamond loop integral of eqnation flTHl) . which 
conhrms the 4D Stokes’ theorem. To get the case with a general velocity in the 2 ; direction, 
we can boost the resnlt from eqnation fl30l) . as we did in section III, to obtain the hnal resnlt 
of eqnation ([19]). 

The npright diamond area integral is solely dne to electric held. However, after the boost, 
it gets a magnetic contribntion. The ratio of the electric and magnetic contribntions depends 
on the magnitnde of the boost One can calcnlate the electric and magnetic contribntions 
separately. Denoting the Aharonov-Bohm phase dne to electric and magnetic held as A(f)E 
and A0S, respectively, one can derive (see Appendix) 


A 0 S 

A 0 E 


/ F 31 dz A dx _ 
f Eio dx A cdt ^ 


(31) 
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The ratio only depends on (3z- At any speed less then c, the electric contribution is larger. 
This is the reverse of what was found in reference j?], under different conditions. In 0], the 
time dependent system was an infinite solenoid with a magnetic flux which was pulsed on 
over a short time. In this case, the magnetic Aharonov-Bohm phase was dominant over the 
phase shift due to the electric Aharonov-Bohm phase. In {q] and 101, the case of an infinite 
solenoid with a slowly varying flux was considered. To linear order it was found that the 
electric and magnetic Aharonov-Bohm phase shifts were of equal magnitude but opposite 
sign and thus canceled. 

For the case of the electromagnetic wave, the magnetic contribution becomes equal to 
the electric contribution only when the particles travel at the speed of light. When they 
travel at c against the waves, the two contributions add up; when they travel at c along 
the waves - “riding on the waves” - the two contributions cancel completely and result in 
a zero time-dependent Aharonov-Bohm phase, as derived in section III. In both cases, due 
to relativistic constraint, /da, —)■ 0 as 1. This behavior is different from the case of 

the solenoid, where reversing the magnetic held of the solenoid also reverses the direction 
of the electric held. Thus, in the case of the solenoid, one has the same result whether the 
magnetic held points along the +z or —z direction. In contrast, reversing the direction of 
the electromagnetic wave only reverses the direction of one of the helds, so, in one case, 
the electric and magnetic contributions add up, while in the other case, the electric and 
magnetic contributions tend to cancel. 

Using either the area integral of the helds or the line integral of the potentials, the 
Aharonov-Bohm phase picked up in going around the space-time loop in hgure (II]) is 

'2Ao' 


e 

he 


k' 


[2F{k'^x) - F{2k'Ax) - F{0)] 


(32) 


We now recall the expansion of the term in square bracket from flT^ . in terms of k'Ax = 
AC, and apply this to ((32|) to give the Aharonov-Bohm phase up to 0{k'Ax)^ as 


e 

he 


Ffj,ydx^ A dx'' = ^ ^ 


A^dx^ = —2 


he 


Aok'Ax^F''{0) 


(33) 


From the above equation, we can see that in order for the time-dependent Aharonov-Bohm 
ehect to be observable, one wants to have 




( 34 ) 
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In writing (1M|) we have ignored the factor of —2 and assnmed that F”{0) ~ 0{1)^ which 
would be the case if /(C±) and F{(±) were sinusoidal. 

We now investigate a few different scenarios for the condition in fl34p . In regard to the 


spatial size of our loop, we could follow 12| and estimate that Ax ~ lOO/im, and take the 
speed of our particless to be non-relativistic with v ~ 10®^. Thus, from fl2Up . we have 
k' ^ = ^. Under these assumptions, the condition in (IMP has two free parameters: Aq 

and u. Combining all this, the condition in (MP leads to 

J 


Aqoj ~ 10 


C • sec 


(35) 


For example, one could consider soft x-ray frequencies of a; ~ 10^' Hz, which would only 
require an amplitude of Aq ~ 10“®^. As another scenario, one could consider a frequency of 
u ~ 10^^ Hz, which is in the infrared/optical part of the spectrum. This would correspond 
to the wavelength one order of magnitude less than the size of the loop considered here. For 
this choice of uj, equation (Mp implies that one would need Aq ~ 10“®^. In general, this sort 


of condition fl35P sets a certain constraint on the experimental verihcation of the AB phase 
shift: if Aquj is too small, the AB-phase may be too small to detect, while if it’s too large 
the electromagnetic force that deflects the electrons from the prescribed space-time paths 
may be not negligible, as the energy density is Peum ot A^u^. Some of the same conclusion 
were reached in [l7|. 

V. CONCLUSIONS AND SUMMARY 


In this article, we have investigated the time-dependent Aharonov-Bohm phase of a 
charged particle traveling around a closed space-time loop, given in hgures [T] - |3l in the 
presence of EM plane waves traveling in the ±z direction and with a polarization in the x 
direction. Our work is a generalization of earlier works, ll| and 12j, in that we consider 
both the electric and magnetic Aharonov-Bohm effects and thus we are able to see the inter¬ 
play between the two. In addition, we calculated the time-varying Aharonov-Bohm phase 
both in terms of the path integral of the vector potential, f A^^dx^, and in terms of the area 
integral of the helds, | J F^ydx^ A dx'". 

Our overall conclusion is that the AB phase due to EM plane waves vanishes under a broad 
range of conditions. Thus one must carefully choose the parameters of the electromagnetic 
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wave and of the loop that the electrons traverse in order to see the effect. This is similar to 


the conclnsion of the work in 17| where the time varying Aharonov-Bohm phase was 
searched for experimentally bnt not observed. First, from fl23p . one hnds that generally the 


time varying Aharonov-Bohm phase vanishes if the average of the wave form over the hrst 
half of the loop eqnals the average over the second half of the loop i.e. (/(C))i = (/(C))ii- 
Second, from fl33|) . we showed that expanding the time varying Aharonov-Bohm phase to 
the lowest order gave a phase with a magnitnde of A^k'/S.x^. In this long wavelength 

approximation, only the second order term in k'Ax remained - the zeroth and hrst order 
terms vanished. This smallness of the time varying Aharonov-Bohm phase is similar to 


earlier resnlts in a different context 


151. Third, AB phase vanishes when the velocity 
of the particle traversing the loop moves completely in the 2 ; direction (“riding along”) at 
the speed of light, (3z = 1- 

In order to see the time varying Aharonov-Bohm effect, we fonnd a general condition 
nnder the pertnrbative approximation, eqnation fl3T|l . This condition depended on the wave 
amplitnde, freqnency, particle velocity and size of the loop - Aq, ca, v and Ax. By making 
some reasonable choices for the speed of the particles and the loop size (he. v 10®m/s 
and Ax ~ 100/rm), we arrived at a more specihc condition for the freqnency and amplitnde 
of the EM waves: Aquj ~ 10®J/(C • sec). Dne to the electromagnetic forces on the particle, 
this constraint may set a certain limitation on the experimental verihcation of the AB effect 
nnder the pertnrbative approximation. 


APPENDIX I 

In this appendix, we derive the ratio A0 b/A0e given in fin|) . The total phase shift for the 
tilted diamond, given in ([19]), can be split into an electric and magnetic contribntion as 

2/1 

A0 = Act>E + A0b = -^ [2F(AC) - F(0 ) - F(2AC)] . (36) 

To hnd the ratio of the magnetic to electric contribntions, we jnst need to hnd A(f)E for the 
“tilted diamond” and then nse this in (l36|) to obtain Ac/)^. As in section IV, we caicniate 
the electric part of the tilted diamond by calcnlating the left and right sides and adding 
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these together. Using ([2]), the electric contribution for the left side of the tilted diamond is 


{^(pE)left — 



Ex dx A cdt 


left 


= -A, 


UJ 


dx 


/ Vx 


'-XI Vx 


f'iujt ± kz)cdt 


) 


^ J—Ax 
00 

= -Aq— / [f {2u'At + u:'x/vx) - f {-Oj'x/Vx)] dx . 
^ J-Ax 


(37) 


In the above, we have replaced 2 ; = Vzt using ([3]) and dehned u' = {oo E kvz) = a;(l ± (3z)- 
Next, performing the x integration in fl37|) . we hnd 

OOVx 


(A0E);e/t = [F{2u'/\t) - Ficj'At) + F(0) - F{u;'At)] 

(dx 


— Af\ 


[2F{oj'At) - F{2oj'At) - F(0)] 


k{l±l3zY 

= tIottttUtt Pf’lAC) - f’(2AC) - F(0)] , 


(38) 


k'(l±P, 

where we have used k = -^^k' from fl20|) and AC, = oo'At from In the same way, one 
can obtain the right half of the tilted diamond. 





= -A 


= -A, 


00 

’7. 

00 


Ex dx A cdt 

right 

Ax / r^At—xjvx 


0 




j’Ojt ± kz)cdt \ dx 


(39) 


cAx 


[f {2u'At - oo'xjvx) - f {u'x/vx)] dx 


Next, performing the x integration in fl5^ . we hnd 


UVx 


{A(j)E)right = -Aori^ [F{2u'At) - F{co'At) + F(0) - F{co'At)] 

/dx 


— An 


[2F(a;'At) - F{2oo'At) - F(0)] 


A( 1 ±A )2 

= \ n , 12F(M) - F(2At;) - F(0)] . 


(40) 


k'(l±A 

Adding the left and right sides together, we get the total electric contribution for the tilted 
diamond as 


A 0 e — 


2An 


k'(l±/d: 

From fl36l) . this gives for the magnetic contribution 

±2Ao/3. 


[2F(AC) - F(0) - F(2A0] • 


A(/>b = A(j)- A(j)E = 


k'{l±/dz) 


[2F(AC)-F(0)-F(2AC)] 


(41) 


(42) 
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Hence, 


( 43 ) 


which is the result given in (l3Tll . 


A(j)E 


, 
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